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Abstract 

In this paper, using the topological interpretation of the Baer in- 
variant of a group G, VM(G), with respect to an arbitrary variety 
V, we extend a result of Burns and Ellis (Math. Z. 226 (1997) 405- 
428) on second nilpotent multipliers of a free product of two groups to 
the c- nilpotent multipliers for all c > 1. In particular, we show that 
M( C )(G * H) ^ M^ (G) M(°\H) when G and H are finite groups 
with some conditions or when G and H are two perfect groups. 
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1 Introduction 



Let G = F/R be a free presentation of a group G, and V be a variety of 
groups defined by a set of laws V. Then the Baer invariant of G with respect 
to V, denoted by VM(G), is defined to be 

VM{G) s gnvffl 

where V(F) is the verbal subgroup of F and 

[W*F] = /,_!, M /„) («(/!, / n )) _1 | 

r eRJ'iEF, 1 <i<n, v e V, neN). 

Note that the Baer invariant of G is always abelian and independent of 
the presentation of G (see Leadham- Green and Mckay (1976)). In particular, 
if V is the variety of abelian groups, then the Baer invariant of G is the well- 
known notion, the Schur multiplier of G, which is isomorphic to the second 
homology group of G, H 2 (G, Z) (see Karpilovsky (1987)). If V is the variety 
of nilpotent groups of class at most c > 1, then the Baer invariant of the 
group G is called the c-nilpotent multiplier of G which is denoted by (G) 
(see Burns and Ellis (1997)). 

Burns and Ellis (1997), using simplicial homotopy theory introduced a 
topological interpretation for the c-nilpotent multiplier of G and gave an 
interesting formula for the second nilpotent multiplier of the free product of 
two groups as follows: 

M( 2 ) (G * H) ^ M( 2 ) (G) © M( 2 ) (if) 

© (M(G) © H ab ) © (G ab © M(H )) (I) 
®Tor(G a \H ab ). 

Also, Franco (1998) extended the above topological interpretation to the 
Bear invariant of a group G with respect to any variety V. In this paper, 
first, we give a topological proof to show that the Bear invariant functor 
VM(G) commutes with the direct limits of a directed system of groups. 
Second, we intend to extend the formula (I) to the c-nilpotent multiplier of 
the free product of two groups for all c > 1. In particular, we show that 
M^(G * ff ) ^ M^(G) © M^(H), whenever one of the following conditions 
holds: 
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(i) G and H are finite abelian groups with coprime order. 

(ii) G and H are finite groups with \H ab \) = (\G ab \, \H\) = 1. 

(Hi) G and H are two finite groups with (\G ab \, \H ah \) = (\M(G)\, \H\) = 

(\G ab \,\M(H)\) = l. 

(iv) G and H are two perfect groups. 

2 Preliminaries and Notation 

In this section, we recall some basic notations and properties of simplicial 
groups which will be needed in the sequel. We refer the reader to Curtis 
(1971) or Georss and Jardine (1999), for further details. 

Definition 2.1. A simplicial sets K. is a sequence of sets Kq, K±, K2, . . . to- 
gether with maps di : K n — > K n _i (faces) and Sj : K n — > K n+1 (degeneracies), 
for each < i < n, with the following conditions: 

djdi 

SjSi 

dj s ^ 

A simplicial map f : K, —> L. means a sequence of functions /„ : K n — > L n , 
such that / o di = di o f ', that is the following diagram commutes: 

Kn+i < — 1 — K n — — >■ K n _i 

fn + l fn fn—1 

Kn+1 < — ' — K n — — > K n _\. 

Similar to topological spaces, the homotopy of two simplicial maps be- 
tween simplicial sets and the homotopy groups of simplicial sets are defined. 
The category of simplicial sets and topological spaces can be related by two 
functors as follows: 

• The geometric realization, \ — |, is the functor from the category of 
simplicial sets to the category of CW complexes. 



d^idj for j < i 

Si + ±Sj for j < i 

s^idj for j < i; 

identity for j — i, % + 1; 

Sidj^i for j > i + 1. 
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• The singular simplicial, £>*(— ), is the functor from the category of topo- 
logical spaces to the category of simplicial sets. 

A simplicial set K is called a simplicial group if each K; L is a group and 
all faces and degeneracies are homomorphisms. There is a basic property of 
simplicial groups which due to Moore (1954-55), its homotopy groups 7r*(G.) 
can be obtained as the homology of a certain chain complex (NG, d). 

Definition 2.2. If G, is a simplicial group, then the Moore complex (NG,, d) 
of G, is the (nonabelian) chain complex defined by (NG) n = D^Zq Kerdi with 
d n : NG n — > NG n -i which is restriction of d n . 

A simplicial group G is said to be free if each G n is a free group and 
degeneracy homomorphisms Sj's send the free basis of G n into the free basis 
for G n+1 . 

Definition 2.3. For reduced simplicial set K m (i.e. K = *), let GK be 
the simplicial group defined by (GK) n which is the free group generated by 
K n+ i\so(K n ), and the face and degeneracy operators are the group homo- 
morphisms such that 

d,Q K k = (d^idok)" 1 , 
sf K k =s i+1 k 

for i > and k G K n+ i. We can consider the above notion as a functor from 
reduced simplicial sets to free simplicial groups which is called Kan's functor. 

In the following, we recall some results that will be needed in sequel. 

Theorem 2.4. (Curtis (1971)). 

(i) For every simplicial group G, the homotopy group n n (G.) is abelian even 
for n = 1 . 

(ii) Every epimorphism between simplicial groups is a fibration. 

(iii) Let G, be a simplicial group, then 7r*(G.) = H*(NG,). 

(iv) For every simplicial set K_, GK ~ 
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3 Topological Approach to Baer Invariants 



Let X = K(G, 1) be the Eilenberg-MacLane space of G. Then Burns and 
Ellis (1997) presented an isomorphism M^ C '(G) = iri(K./'y c +i(Kj\, where 
K. is the free simplicial group obtained from X by applying Kan's functor 
to the reduced singular simplicial set of X. Burns and Ellis's interpretation 
for c = 1 is M(G) m (Kj l2 {K)) . Also, Kan (1958) proved that 

tt*(GX/7 2 (GX)) = H* +1 (X), where G is the Kan's functor. Hence H 2 (G) ^ 
R n F/[R, F] = M(G) which is the Hopf 's formula, where G = F/R is a free 
presentation for G. 

Using the above notions and similar to the Burns and Ellis's interpretation 
we can give a topological interpretation for the Baer invariant of a group G 
with respect to any variety V. We recall that the following theorem was 
proved categorically by Franco (1998),. 

Theorem 3.1. Let X = K(G, 1) be the Eilenberg-MacLane space of G and 
V be a variety of groups defined by a set of laws V. Then the following 
isomorphisms hold. 

TTxiK /V(K)\ = VM(G) 
n {K./V(K.)) = G/V(G), 

where K is the free simplicial group obtained from X by applying Kan's 
functor to the reduced singular simplicial set of X. 

Proof. Let G = F/R be a free presentation of G. Then for the simplicial 
group K obtained by applying Kan's functor to the reduced of S*(X), we 
have \K\ ~ VtX (see Wu (2007)). Therefore (K) Q = F and {K) 1 = R x\ F 
and dl(r, f) = f and d\(r, f) = rf (see Burns and Ellis (1997)). Hence 
(K./V(K.)) Q = F/V(F), (KjV{K)) t = R/[RV*F] x F/V(F) and a% and 
d\ are induced by d\ and d\, respectively. We consider the Moore chain 
complexes N(KJV{K)) and N(V(K.)). By Theorem E20 (HUD, we have 
tt (KJV(K.)) = G/V(G) and n (V(K.)) = V(F)/[RV*F}. By TheoremfH 
§n§, the following exact sequence of simplicial groups is a fibration. 

Thus it induces the long exact sequence in homotopy groups as follows: 
• • • *i(K.) vr^-^-) -> n {V(K)) n (K) -> n (-^—) 0. 
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Also tt\{K) = m(nX) = tt 2 (X) = and similarly n (K) = ir^X) = G. 
Hence m (K/V(K)) ^ ker (vr (C)) ^ V(F) n R/[RV*F\. ' □ 

Using the above topological interpretation of Baer invariants, we intend 
to study the behavior of Baer invariants with direct limits with topologi- 
cal approach. First, we need to find the behavior of homotopy groups of 
simplicial groups with respect to the direct limit. 

Theorem 3.2. Let {^G £ J} be a direct system of simplicial groups 
} indexed by a directed set J. Then 

n n (\jm^G)^\imn n ('G). 

jeJ jeJ 

Proof. Let : ^Gk — > ■'Gk+i and i s\ : ^Gk — > ^Gk-i be faces and degenera- 
cies, for < % < k. Recall that the direct limit of simplicial groups can be 
considered as a simplicial group as follows 



(lim J G.)„ 

d? 



We have the following commutative diagram 



( fc e)n+i 



< 



(Vf)n+1 

l G n+ i 



limeG.), 



"G n 



l G n 



liin(^) 

jeJ 





jeJ 




( k 0) n -i 




k G 


n-1 


(Vf)n-l 




l G n -\. 



Consider the Moore chain complex Af(lim , cJ J (7) as follows: 



(3.1) 



\m^ j dl 



->■ ker lim J dn n ker lirri J ^ 



lim^ 



->■ ker lini J c?3 



lim J '< 



Since direct limit of a directed system preserves exact sequence and 

Umfker^l) n limfker 3 '^) = lim(ker J til D ker j d\,,), 
jeJ jeJ jeJ 

we have the following chain complex 

lim j d\ lim j d\ lim j d\ 

■■■ — > lini(ker ^c^nker J dj) — ► limker J 4 — > lim ( 3 G,) n 

jeJ jeJ jeJ 

Hence iV(lim = lim N(^G_) when J is a directed set. Also, ho- 

mology functor preserves direct limit of directed system of simplicial groups. 
Therefore, using Theorem 12.41 flulj) . we have 

vr n (l^^)^4^(lim J G.)) S hm^4A^ea))^lim7r n eG.). 

je.J jeJ j&J j<EJ 

□ 

Remark 3.3. Note that homotopy groups do not commute with direct limits 
of topological spaces in general and hence Theorem 13.21 does not hold in the 
category of topological spaces. To prove this, Goodwillie (2004) gives the 
following intresting example. 

Let S* 1 = {(x,y) E M,\x 2 + y 2 = 1} be the unit circle. Let A n = {(x,y) G 
M.\x 2 + y 2 = l,x < 1 — 1/n} be a sequence of closed arcs in S 1 such that 
A n is in the interior of A n+ \ and such that the union U of all the A n is 
the complement of a point in S 1 . Let X n be S 1 /A n . The direct limit of 
the diagram of circles X\ — > X 2 — >■ ... is S 1 /U , a two-point space in which 
only one of the points is closed. Or if one prefers to form the colimit in the 
category of Hausdorff or T\ spaces, then the colimit is a point. Either way, 
7i i dose not commute with the direct limit. 

Note that homotopy groups preserve the direct limit of a filtered based 
spaces (for more details see May (1999)). 

Now we are in position to give a topological proof for the following theo- 
rem which was proved algebraically by Moghaddam (1980). 

Theorem 3.4. Let {Gi,(pl,i £ 1} be a directed system of groups, then 

limVM(Gi) VM(lim(Gy). 

iei iel 
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Proof. Let be a free simplicial group corresponding to Gj. By Lemma 3.2 
of Moghaddam (1980), lini , cJ Kj is the free simplicial group and Theorem 
(13.21) implies that lim. c/ Ki is a free simplicial resolution corresponding to 
lim. Gi. Hence we have 




□ 



4 Main Results 

In this section, by considering the variety of nilpotent groups, we intend to 
compute the nilpotent multipliers of the free product of two groups. 

Proposition 4.1. Let F = K * L be the free product of two free groups K 
and L and let (p : F — >■ K x L be the natural epimorphism. Then for all 
c > 1, there exists the following short exact sequence 

, _ F ip Q K L 

->• kerp c ->• — -4 — x — ->• 0, 

lc+i{F) lc+i[K) lc+x{L) 

where ker (p c = ^ K ^ ,L ^ F ^ F which satisfies in the following exact sequence 
, [K,L, c - 2 Ff [K, L] F 

Moreover, we have the following isomorphism 

h. C - 2F J ® y K ab ®...®K ab ®L ab ®...®L ab . 
[K,L, C -!F] F f^-^ ' v ' 

jor some i+j—c i— times j— times 

Proof. Clearly the natural epimorphism if : F — > K x L induces an epimor- 
phism 

<p c : F / lc+1 (F) K/ lc+1 (K) x L/ 7c+1 (L) 
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given by 

¥c{uic+i(F)) = (u;i7 c+ i(.£0,u;27 c +i(L)), 
for all c > 1, where (p(ui) = (wi,^). Therefore, we have 



7c+1 (F) " [K, L] F n 7c+ i(F) [X, L, C _!F]^- 
Hence the following exact sequence exists 

Moreover, let K and L be free groups freely generated by {xi, ■ ■ ■ ,x m } 
and {x m+ i, ■ ■ ■ ,x m+n }, respectively. Then by a theorem of Hall (1959), it 
is easy to show that [K,L, C -2F] F / [K, L, c -iF] F is a free abelian group 
with the basis B = {b[K,L, c _iF] F |6 e B}, where B = B 1 - B 2 - B 3 
in which B 1 , B 2 , B 3 are the set of all basic commutators of weight c on 
{x ± , ■ ■ • , x m , • ■ • , x m+n }, {x ± , ■ ■ • , x m } and {x m+1 , • • • , x m+n }, respectively 
Now by universal property of free abelian groups and tensor products we 
have the following isomorphism: 

c ~ 2 ^l = © V K ab ® ...®K ab ®L ab ® ...®L ab . 
[K,L, C -\F] F « ' v « ' 

jor some i+j—c i— times j— times 

Note that the number of copies in the above direct sum is the number of all 
basic commutators subgroups of weight c on K and L. □ 

Theorem 4.2. Let G, H be two groups with 

G ab ^ H ab = M (l)(£) H ab = = Tor{G ab , H ab ) = 0. 

Then the following isomorphism holds, for all c> 1, 

M (c) (G * H) = M (c) (G) © M {c \H). 

Proof. For c = 1, by a well-known result on Schur multiplier of the free 
product (see Karpilovsky (1987)), we have the following isomorphism: 



M (1) (G * H) = M {l \G) © M {l \H). 
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Now we discuss in more details on the Burns and Ellis's method (1997), 
and extend the method to any c > 2. Let K and L be free simplicial 
groups corresponding to K(G, 1) and K(H, 1), respectively. By van-Kampen 
theorem we have X V Y = K(G * H, 1) so that the free simplicial group F_ 
which obtained by applying Kan's functor to the reduced singular simplicial 
set of X V F is equal to K. * L.. Therefore M (c \G * H) = ir x (F/ 7c+1 (F)) . 
By Proposition 14.11 consider the following short exact sequence of simplicial 
groups 

/■i - \ F w c K L 
-> ker^ c . -> TT7- -4 — - x — 0, 

7c+i(-F.) 7c+i(A) 7c+i(A) 

where {kenp c ). is a simplicial group defined by ((/cer<^ c ).) = ker(ip c ) n . The- 
orem 12.41 (In]) yields the following long exact sequence 



Let a* : ir„(F / 7c+1 (F)) -> ir„(AT. / 7c+1 (*".)) and : ir„(F/ 7o+1 (F)) 
— > 7T n (L /j c+ x(L_ )) be homomorphisms induced by continuous maps from 
X V F to X and F, respectively. Since ■K n \Kjy c+ i{K_ )) © 7r n (L /y c+ \(L. )) 
is a coproduct in the category of groups so there exists a unique homomor- 
phism ip n : 7r n (if /7 c+1 (fC)) © 7T n (L. /y c +i{L. )) -)> 7T n (F/7 c+1 (F)) such that 
PnOipn = and p F oip n = where and are projection maps. There- 
fore ip n oir n ({p c ) = id and consequently 

nikertfic) @it 1 (Kj lc + 1 {K)) e-K^L/y^L)) 7Ti(F/7 c+1 (F)). 



By Proposition I4.ll we have the following exact sequence of simplicial groups 

, [K,L, c - 2 Ff [KJT 

° ^ [K, L, c _i F] F ^ ^ c ^ [iT,L, c _ 2 F]^ ^ °- 

Theorem I2.4l fpl|) yields the following long exact sequence of homotopy groups 
which in low dimension takes the following form: 

\K L F] F 
> ni(y [K L C ~iF} F ^ ~* n(ker<p c ) -»■ ir^ker^x) 
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By induction on c, we prove that iii(ker(p c ) = 0. For c = 2, Burns and Ellis 
(1997) proved that ker$ 2 ^ K ab <g> L ab . Hence 

tti (ker^ 2 ) = E x (N(K ab © L a6 )) 

= Hi (N(K ab ) © N(L ab )) 

= H^nIk^)) © H (N(L ab )) © H (N(K ab )) © ffi (7V(L a6 )) 
©Tor (# {NiK *)) , f/o (iV(L a6 )) ) 

M«(G) © # a6 © M^(H) © G a6 © Tor(G ab , H ab ). 

Similarly, we can prove that 
7r (^ a6 © ... © © L ab © ... © L ab ) ^ G ab © ... © G ab © H ab © ... © # a6 . 

i— times j— times i— times j— times 

Now let iri(ker{p c -i) = 0. We are going to show that iri(ker<p c ) = 0. 
Since 



[X,L, C _!F] F " — ^ 

/or some i+jr'=c i~times 




it is enough to compute ir 1 ( K ab © . . . © K ab ® L ab © . . . © L afa j . Since i,j ^ 0, 

j— times j— times 

we have 

7n(K af> © ... © K ab © L ab © ... © L ab ) 

i— times j— times 

= m(K ab © L ab ) © vro( K afe © . . . © K ab j © L afe © . . . © L ab ) 

(j— 1)— times (j— I)— times 

©7T (K a6 © L ab ) © tti ( if ab © . . . © K ab y © L Qb © . . . © L ab ) 

(j— 1)— times (j — I)— times 

©Tor (tt (ir ab © L ab ) , 7T ( if ab © . . . © K ab j © L ab © . . . © L ab ) ) . 

(£— 1)— times times 

By the hypothesis, we have 7Ti( if ab © . . . © K ab ® L ah © . . . © L ab j = 0. Hence 

(j— 1)— times times 

iTi(ker{p c ) =0. □ 

Corollary 4.3. Let G and H be two groups. Then, for all c > 1, we have 
the following isomorphism 



M (c) (G * H) ^ M (c) (G) © M (c) (#), 
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if one of the following conditions holds: 

(i) G and H are two abelian groups with coprime orders. 

(ii) G and H are two finite groups with (\G\, \H ab \) = (\G ab \, \H\) = 1. 
(Hi) G and H are two finite groups with 

(\G ab \, \H ab \) = (|M(G)|, \H\) = (\G ab \, \M{H)\) = 1. 

(vi) G and H are two perfect groups. 

Note that parts (z) — {Hi) of the above corollary are vast generalizations 
of a result of the second author (see Mashayekhy (2002)). 
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